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Reduction of State-to-State Kinetics to Macroscopic Models
in Hypersonic Flows
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The state-to-state chemical kinetic model, which considers a kinetic equation for each vibrational state of diatomic
molecules, has been applied to some supersonic flow regimes and in particular in boundary layer, nozzle expansion,
and shock wave. Nonequilibrium vibrational distribution obtained in the calculations shows strong departure from
equilibrium-inducing non-Arrhenius global chemical rates, which differ substantially from macroscopic rates
commonly used in fluid-dynamic codes. The evolution properties of the distribution have been investigated by a
zero-dimensional numerical code in controlled conditions. We are trying to obtain from zero-dimensional results
the approach to find appropriate macroscopic rate models to be used in fluid-dynamic codes accounting for the
vibrational nonequilibrium. A comparison of analytical fitting of the zero-dimensional data and fluid dynamic
global rates has been performed.

Nomenclature
ci = coefficients for the solution of the master equation
Ev = energy of the vth vibrational level
k = Boltzmann constant
kd = dissociation rate constant
k p = rates of the process p
Np = quasi-stationary value of a given vibrational

state fraction
Nv = population of the vth vibrational state
nD = space of n dimensions
P = pressure in homogeneous system
Pe = pressure at the edge of the boundary layer
P0 = pressure at nozzle inlet
T = gas temperature
Te = temperature at the edge of the boundary layer
Teff = effective temperature for rate coefficient
Tv = vibrational temperature based on the first

vibrational level
Tv0 = initial vibrational temperature
Tv = n = vibrational temperature based on the nth

vibrational level
Tw = gas temperature at vehicle surface
T0 = temperature at nozzle inlet
t = time
v = vibrational quantum number
[X ] = concentration of the X species
α = atomic molar fraction
α0 = initial atomic molar fraction
λ = mean free path
η = self-similar distance from vehicle surface
ϕv = collision frequency of the vth vibrational state
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I. Introduction

S TATE-TO-STATE chemical-physical models have been devel-
oped in these last years to describe the complex phenomenology

occurring in hypersonic flows. These models have been inserted
in different one-dimensional codes to describe the kinetics in the
boundary layer of a reentering body,1,2 in nozzle flow expansion,3,4

and in shock waves,5 the last via DSMC (direct simulation Monte
Carlo).

The kinetics in the boundary layer as well as during nozzle ex-
pansion are characterized by strong nonequilibrium vibrational dis-
tribution functions and consequent non-Arrhenius behavior of the
corresponding global chemical rates as a function of instantaneous
gas temperature T .1−4 In particular, the gas-phase recombination of
atomic species pumps vibrational energy in the top of the relevant
vibrational ladders thus creating long plateaux in the vibrational
distribution functions. This pumping should not be confused with
the Treanor’s mechanism, which can also operate in this kind of
flow because in the boundary layer as well as along the nozzle
axis we have Tv > T , Tv being the vibrational temperature of the
diatomic molecule, generally based on the 0-1 level population1−4

in the state-to-state approach. A two-temperature Tv-T 6 approach
hides however the long plateaux existing under these conditions.

On the other hand, in the shock-wave kinetics, we assist the sud-
den strong increase of gas temperature followed by the slow increase
of the corresponding vibrational temperature, that is, we are in the
reverse conditions Tv < T . Also in this case we can obtain nonequi-
librium vibrational distributions caused by dissociative processes.5

The state-to-state vibrational kinetics is able to detail this phe-
nomenology. However difficulties arise when coupling the state-
to-state kinetics with robust two-dimensional Navier–Stokes (NS)
codes, being practically impossible when coupling with three-
dimensional NS codes.

To overcome this kind of difficulty, Park’s approach6−8 is com-
monly used; it consists in calculating the global rate coefficients,
expressed by the Arrhenius equation, not at the gas temperature,
but at an effective one, Teff = (TvT )

1
2 . More recently Josyula and

Bailey,9,10 Josyula et al.,11 and Josyula and Bailey12 have corrected
the Park’s approach by modifying the relevant rates: 1) with a co-
efficient that is temperature dependent, which takes into account
the depletion of upper vibrational levels caused by the preferential
dissociation events occurring from these levels; and 2) with a co-
efficient that is temperature dependent, which takes into account
the overpopulation of upper vibrational levels to the preferential
pumping of these levels by the recombination processes.

These corrections seem to be satisfactory when the vibrational
distributions do not appreciably differ from the Boltzmann ones
as in the case of the shock waves. However, in rapidly expanding
(nozzle) or cooling (boundary layer) flows the state-to-state kinetics
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show nonequilibrium vibrational distributions dramatically far from
the Boltzmann ones.

The aim of this paper is to study these strong nonequilibrium con-
ditions indicating an approach that can be followed for determining
macroscopic models, which include the main features observed by
the state-to-state kinetics.

The paper is subdivided in to three sections. In the first one we dis-
cuss typical results obtained with one-dimensional codes with state-
to-state kinetics for boundary layer, expanding flows, and shock
waves. In the second section we will illustrate the different condi-
tions with a zero-dimensional (time-dependent) kinetic code imi-
tating boundary layer, nozzle, and shock-wave flows to investigate
the possibility of using zero-dimensional codes to reproduce flow
conditions. In the third section we will indicate a recipe to model
state-to-state rates as a function of macroscopic quantities only to
be used in fluid-dynamic codes.

The system investigated is a N2/N mixture. Two chemical pro-
cesses have been considered: dissociation and recombination by
collisions with atoms and with molecules, in the ladder-climbing
approximation.1−4

II. Nonequilibrium in High-Enthalpy Flows
In this section we will discuss nonequilibrium effects in one-

dimensional fluid codes with state-to-state kinetics. Before ana-
lyzing the results, we want to remember that for boundary layer
and nozzle flows we use the ladder-climbing model. This model
consists of extending the rate coefficients of internal energy ex-
change processes to a pseudolevel with energy higher than the disso-
ciation, which dissociates instantaneously. Vibrational-vibrational
(VV) and vibrational-translational (VT) internal energy exchange
are included in the model.1−4 In particular VT energy exchanges
for atom-molecule interaction (including the corresponding dis-
sociation/recombination processes) consider multiquantum transi-
tions, whereas only monoquantum transitions are considered for
molecule-molecule interaction. The ladder-climbing model, used in
this paper for nozzle and boundary-layer kinetics, underestimates
the dissociation constants as compared with quasi-classical trajec-
tory method.13

In the case of shock waves, the DSMC code adds also multiquan-
tum molecule-molecule dissociation, disregarding the recombina-
tion process.

Two different kinds of conditions can be evidenced:
1) The first is a recombination regime where atom concentration

is higher than the equilibrium one and the vibrational temperature is
higher than the gas temperature. In this case the nonequilibrium is
caused by the state-selective recombination, which happens mainly
in highly excited vibrational levels, leading to an overpopulation of
the distribution tail (boundary layer and nozzle1−4 flows).

2) The second is a dissociation regime where the atom concen-
tration is lower than the equilibrium one and the vibrational tem-
perature is lower than the gas one. In this case the nonequilibrium
is caused by dissociation (shock wave), resulting in depopulated
distribution tails. In this model we have considered also multiquan-
tum dissociation via the Treanor–Marrone model14,15 (for molecule-
molecule collisions) and via trajectory method for atom-molecule
collisions.16

In hypersonic boundary layers the temperature gradient, caused
by surface temperature lower than in the shock layer, causes a density
gradient, and therefore transport and kinetic processes work together
leading to chemical and vibrational nonequilibrium. This is an exam-
ple of flow in recombination regime. The Navier–Stokes equations
have been simplified separating the flow in two self-similar coor-
dinates, one longitudinal and the other one η perpendicular to the
surface, obtaining an equation that depends only on η. The details
of the model we use to simulate boundary layers are deeply dis-
cussed in Refs. 1 and 2. In this work we have considered as bound-
ary conditions a noncatalytic surface at temperature Tw = 1000 K
while the boundary-layer edge temperature is Te = 7000 K and local
thermodynamic equilibrium is supposed. Two pressures, assumed
constant through the boundary layer, 103 N/m2 or 105 N/m2 have
been considered.

The vibrational distributions have been compared for the two con-
sidered pressures in three different positions in the boundary layer
(see Fig. 1), at the surface (η = 0), at the outer edge of the boundary
layer (η = 8) and in a intermediate point (η = 1.62) where the tem-
perature gradient is high. In both conditions the distributions show
an increase of the tails and the cooling at low energy levels while
approaching the surface. The differences between the two pressure
conditions are maximum at the surface. The high-pressure case gives
colder low energy distributions and less populated tails because of
the increase of the frequencies of VT collitions with the pressure.
Close to the surface the presence of thermal nonequilibrium can
be observed (see Fig. 2), where we have compared the gas and the
vibrational temperatures, calculated from the first two vibrational
levels by the equation

Tv = E1 − E0

k[ln(N0) − ln(N1)]
(1)

under the assumption of a Boltzmann vibrational distribution. Close
to the wall the vibrational temperature is higher than the gas

Fig. 1 Vibrational distributions in the boundary layer, obtained in-
cluding all of the kinetic processes for different η (η = 0 is on the surface
and η = 8 is at the edge), compared at two different pressures P.

Fig. 2 Gas T and vibrational Tv temperatures in the boundary layer
obtained including all of the kinetic processes compared at two different
pressures P.
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temperature, and at low pressure Tv freezes at higher values because
of the slower kinetics.

Nonequilibrium distributions are mainly caused by the recombi-
nation processes,1,2 as can be observed comparing Figs. 1 and 3,
where the vibrational distributions have been obtained neglect-
ing the recombination processes: in this case the overpopulated
tails disappear showing Boltzmann-like distributions. However, de-
partures from equilibrium can be observed (see Fig. 4); compar-
ing the wall distributions calculated at the two given pressures,
with the Boltzmann distributions calculated at the local T , at the
local Tv , and at Teff = (TvT )

1
2 the distributions calculated with

the state-to-state approach present non-Boltzmann character: the
vibrational-distribution-function (VDF) tails are always higher than
the Boltzmann distributions calculated at the local vibrational tem-
perature. (Note that in the boundary layer we have Tv > Teff > T .)

Note also that the VV up-pumping mechanism plays a negligible
role in the formation of the plateau in Fig. 1 because of the small
difference of Tv and T temperature as well as the presence of atomic
nitrogen close to the surface.

Fig. 3 Vibrational distributions in the boundary layer, obtained ne-
glecting recombination processes for different η (η = 0 is on the surface
and η = 8 is at the edge), compared at two different pressures P.

Fig. 4 Boundary-layer–surface vibrational distributions calculated
with the state-to-state model, obtained neglecting the recombination
process, and Boltzmann distributions at different temperatures, both at
P = 103 and 105 N/m2.

To understand the role of the nonequilibrium on the dissociation
processes, their rate constants kd are approximated by the ladder-
climbing model of the VT processes. Two dissociation processes are
considered: by N2 − N2 molecular collisions (VTm) and by N2 − N
atomic collisions (VTa). In Figs. 5 and 6, the rate coefficients have
been plotted as a function of 1/Tv . When the recombination pro-
cesses have been neglected (symbols), Arrhenius-like dissociation
constants correspond to Boltzmann-like distributions.

The case in which all of the processes have been included shows
strong departure from the Arrhenius law: the lower values of 1/Tv

correspond to the boundary-layer edge. In this region the system
is close to the local thermodynamic equilibrium, and the VDF are
very close to a Boltzmann distributions; hence, the rates follow the
Arrhenius trend as in the case where the recombination is neglected.
Approaching the surface, the distributions strongly depart from a
Boltzmann, and the rate coefficients show an anomalous trend: the
rates increase while the vibrational temperature decreases. In pre-
vious works1−4 the rates were reported as a function of the reverse
of the local gas temperature showing similar behaviors to those in
Figs. 5 and 6.

The last point of the rate coefficient presents an anomalous trend;
it suddenly changes close to the wall. This result is the consequence

Fig. 5 Boundary-layer–dissociation constants caused by VT processes
by N2−−N2 collisions, obtained including and neglecting recombination.

Fig. 6 Boundary-layer–dissociation constants caused by VT processes
by N2−−N collisions, obtained including and neglecting recombination.
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Fig. 7 Vibrational distributions along the nozzle axis. X = 0 is the
throat position.

of different wall boundary conditions for species mass fractions
and for the gas temperature. Because of the noncatalytic wall, the
mass fractions have a null derivative at the wall. On the contrary the
temperature decreases rapidly close to the surface because the wall
temperature is supposed to be constant. Therefore, although close
to the wall the distributions are constant, the decreasing temperature
makes the state to state as well as the global rates decrease because
of their dependence on the gas temperature.

This result demonstrates that modified Arrhenius rates do not
reproduce the calculated global rates because they are determined
by the distribution tail while the vibrational temperature represents
only the low energy distribution. Moreover their behaviors do not
depend only on the temperatures, but also on other quantities such
as pressure and boundary conditions.

Another flow system, which works in recombination regime, is
the supersonic nozzle expansion.3,4 The main difference between
boundary layer and nozzle flows is that in the first one the pressure
is constant, but in the nozzle the pressure changes many orders of
magnitude passing from the inlet to the exit. Nevertheless, the dis-
tributions (see Fig. 7) show the same long tails that are observed in
the boundary layer. The distributions are Boltzmann at the nozzle
inlet, and as the flow passes the throat the temperature decreases
rapidly and the atoms recombine producing in the vibrational dis-
tributions the characteristic tails. The pressure reduction makes the
vibrational temperature practically frozen to the nozzle exit while
the distribution tail is still relaxing. As a consequence of non equi-
librium distributions, non-Arrhenius trends have been observed also
in this case,3,4 demonstranting uniform behaviors for recombination
flow regimes. Also in this case the VV up-pumping mechanism is
decreased by the presence of atomic nitrogen.

We have investigated relaxation properties also in a shock wave
using a DSMC code.5 With this approach it is possible to observe
also translational nonequilibrium, and the reference length is the
mean free path λ. The shock wave is wide only a few λ, and the
gas temperature reaches its maximum just after it. On the contrary,
vibrational and rotational temperatures and gas composition need
a longer distance from the shock front to reach the equilibrium
values. The nonequilibrium generated in the shock layer is com-
pletely different from nozzle and boundary-layer flows being the
system in dissociation regime. The first relevant process is the VT
pumping that warms up the distribution from low-lying levels to
the tails (see Fig. 8). This mechanism is also important for the dis-
sociation process. In fact, as observed in Fig. 9, the atomic molar
fraction is negligible until the vibrational distribution is sufficiently
high. This happens in spite of the fact that the DSMC code consider
also multiquantum dissociation for N2 + N2 collisions following the
Treanor–Marrone model.14,15

Fig. 8 Vibrational distributions in a shock wave for different positions
from the shock (x = 0 is the shock position). l is the mean free path.

Fig. 9 Atom molar fraction profile along shock wave.

Anyway, the distributions depart weakly from a Boltzmann; there-
fore, the rates are almost Arrhenius (see Fig. 10). The higher 1/T
values (>1.6 × 10−4) correspond to the region before the shock,
where statistical errors are large. The lower 1/T values correspond
to the region downstream of the shock where the dissociation is ef-
fective. The statistical errors are intrinsic in DSMC models, and the
distribution tails present strong noise; therefore, the method is not
adequate to analyze small departures from the Boltzmann distribu-
tion. At this purpose a zero-dimensional master equation code, in
which the only independent variable is the time, can be a more suit-
able tool for investigating nonequilibrium in dissociation regime.

III. Nonequilibrium in Homogeneous Systems
The analysis of nonequilibrium in supersonic flows is not simple

because all of the macroscopic quantities (temperature, pressure,
compositions, etc.) are coupled to each other and to the vibrational
distributions. In homogeneous kinetics (depending only on time) it is
possible to calculate the evolution of species concentration keeping
constant some quantities such as pressure and temperature, working
in more controlled conditions. Moreover it is possible to simulate
relaxation conditions similar to those met in supersonic flow condi-
tions. In particular we investigate two cases: recombination regimes
(nozzle and boundary layer) and dissociation (shock wave).
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Fig. 10 Dissociation rate constants along the shock wave as a function
of the reverse of the temperature.

There are two kinds of parameters in the simulation. The first
class of data consists of those that are constant during all of the
simulation: gas temperature T and pressure P . The second group of
parameters consists of those chosen as initial conditions, and they
are the initial vibrational temperature Tv0 and the initial atomic molar
fraction (α0). These quantities can change during the simulation.

In this section we want to use a zero-dimensional code to analyze
the kinetic relaxation of the inhomogeneous gas in different regimes,
comparing the results with those showed in the preceding section,
to understand if zero-dimensional kinetics can be applied to investi-
gate appropriate flow conditions. In particular we will focus on the
recombination and dissociation regimes met in the fluid-dynamic
systems just studied. Note that the numerical results are obtained
using the ladder-climbing model described earlier.

A. Recombination regime
In the recombination regime the gas passes from high-temperature

to low-temperature conditions. This is the case of supersonic nozzle
flows and boundary layer of reentry vehicles. In our conditions we
suppose the gas to be partially dissociated at the beginning, with a
high vibrational temperature. Then we suppose to decrease instan-
taneously the gas temperature, and we start to investigate the relax-
ation processes of the mixture. The vibrational distribution cools
down, passing through nonequilibrium states.

The relaxation presents some common characteristics that do not
depend on the chosen conditions. In Fig. 11 we have reported the
evolution of the vibrational distributions.

At the beginning of the simulation, we have a Boltzmann distri-
bution at the given vibrational temperature Tv0. The distributions
start relaxing from the tail (high energy levels). The distribution tail
decreases until it reaches a quasi-stationary condition. After that,
the low energy distribution (v < 15) starts cooling down obtaining
an L-shape distribution for t = 10−5 s. Then, for longer times the
distribution tail decreases again trying to reach the equilibrium dis-
tribution at the gas temperature.

The quasi-stationary conditions can be observed better in Fig. 12,
where we have compared the relative population of the last level and
the molar fraction of atoms α. The quasi-stationary value of the last
level distribution Np depends on the pressure, and it is reached
before the atomic molar fraction changes. The time evolution of the
system can be divided in three stages. First of all the last level rapidly
reaches the quasi-stationary phase, keeping constant the vibrational
temperature and the atomic molar fractions (compare with Fig. 11).
Then the vibrational temperature decreases while the population of
the last vibrational level and the atomic molar fractions are constant.
In the third stage the vibrational temperature is constant, whereas
atomic molar fraction and the population of the last level change
contemporarily.

Fig. 11 Time evolution of the vibrational distribution function of N2
molecules in recombination regime.

Fig. 12 Evolution of atomic molar fraction and the relative popula-
tion of the last vibrational level (v = 47), for two different pressures in
recombination regime. Np is the population of the last level in the quasi-
stationary phase.

To understand what determines the quasi-stationary condition in
the distribution tail, we consider the relaxation kinetics of the last
vibrational level. The time evolution of a level is determined by the
kinetic equation

dN2(v)

dt
= gain − loss

gain = ka
r (v, T )N 3 + km

r (v, T )N 2 N2

loss = ka
vT (v, T )N N2(v) + km

vT (v, T )N2 N2(v) (2)

where in the recombination regime the gain is mainly caused by the
recombination and the loss to VT collisions. In the quasi-stationary
phase we can consider that atomic molar fraction is constant so
that the only quantity that changes in the preceding equation is the
population of the last vibrational level. As a consequence, Eq. (2)
can be written as

d

dt

N2(v)

N2

= a − b
N2(v)

N2

(3)



482 COLONNA ET AL.

where a and b are functions of T, P , and α. The kinetic equation (2)
has an analytical solution given by

N2(v, t)

N2

=
[

N2(v, 0)

N2

− a

b

]
exp(−bt) + a

b
(4)

The quasi-stationary solution is given by the ratio a/b. The same
result can be obtained equating gain and loss terms and writing all
of the quantities as a function of T, P, α; we obtain the equation

Np(v) = P

kT (1 − α)

ka
r (v, T )α3 + km

r (v, T )α2(1 − α)

ka
vT (v, T )α + km

vT (v, T )(1 − α)
(5)

The characteristic time necessary to reach the quasi-stationary
solution is the reverse of the parameter b in Eq. (5) given by

b = P/kT
[
ka

vT (v, T )α + km
vT (v, T )(1 − α)

]
(6)

From Eqs. (4–6) we have an idea of what is the quasi-stationary
solution and the time needed to reach it. This result is approximated
because some processes have been neglected in the analytical model
(such as VV, the gain caused by VT processes and dissociation), but
in the recombination regime and far from equilibrium should be ac-
curate, especially for the last levels. In general, VV processes can
be important for expanding flows when the vibrational temperature
overcomes the translational one. However, in presence of atomic
species the role of VV collisions is weakened,1−5 so that the vi-
brational distribution depends mainly on the recombination and VT
processes.

In Fig. 13 we have reported the value of the quasi-stationary
population Np of the last vibrational level (v = 47) as a function of
the pressure. The calculated points have been fitted by a power law,
confirming the prediction of Eq. (5).

It is interesting to analyze if the dependence of the quasi-
stationary population of the vibrational state v = 47 has a regular
dependence on the atomic molar fraction (see Fig. 14). The data
have been fitted by a third-order polynomial.

We have investigated the behavior of the last vibrational state
because the global rate coefficient, which should be used in macro-
scopic kinetics, is mainly determined by the distribution tail and
therefore should have the similar properties of the population of
the last vibrational level. A consideration can be done looking at
the figures in this paragraph: the quasi-stationary population of the
last vibrational level does not depend on the vibrational tempera-
ture and also the characteristic time needed to reach that value. In
fact when the distribution tail changes, the vibrational temperature
is constant (see Fig. 11), and during the quasi-stationary phase for
the last vibrational level the vibrational temperature changes. These
observations are in agreement with the results of Ref. 17.

Fig. 13 Quasi-stationary value of the last vibrational level as a function
of the gas pressure.

Fig. 14 Logarithm of the quasi-stationary value of the last vibrational
level as a function of the atomic molar fraction.

Fig. 15 Time evolution of vibrational distribution of N2 calculated in
dissociation regime.

B. Dissociation Regime
With homogeneous kinetics it is possible to reproduce also condi-

tions met in shock tubes. In these conditions we have a low-pressure
cold gas with supersonic velocity that through a shock wave changes
instantaneously the temperature and pressure, decreasing rapidly the
flow speed. Then the internal degree of freedom and the chemistry
relax to reach the equilibrium conditions.

To simulate shock-wave conditions, we consider a pure N2 gas
with a cold vibrational distribution in a high-temperature ambient. In
the simulation, N2(v) − N2 multiquantum transitions are neglected
so that one can expect an underestimation of the global dissociation
rates, especially at high temperature.

Therefore, before nitrogen atoms appear, the high levels of the vi-
brational ladder must be populated. When the population of the last
vibrational level reaches a value appreciably high, the dissociation
starts, according to the ladder-climbing model here used. Insertion
of dissociation channel from every vibrational level (in particular
low-lying ones) by molecule-molecule collisions, as in the atom-
molecule collisions, should increase the global dissociation rates.
Unfortunatly, these transitions are poorly known at the moment,
so that their role cannot be seriously extimated. Figures 15 and 16
report the time evolution of the vibrational distribution and molar
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Fig. 16 Evolution of atomic molar fraction and the relative population
of the last vibrational level (v = 47) in recombination regime.

fraction of atoms, molecules, and the fraction of molecules in the
last vibrational levels [N2(47)/N2]. It can be observed that the dis-
tribution is almost Boltzmann with small deviations for high levels.
In this case the multitemperature approach could be quite accurate.
The atom molar fraction becomes appreciable after t = 10−6 s as a
consequence of the ladder-climbing mechanism. Around t = 10−5 s
a quasi-stationary population of the last vibrational level is observed.
This observation can be the basis for building a simplified model.
Considering that the dominant process is the N2 − N2 VT up pump-
ing (VV processes can be in fact neglected when T > Tv), it is possi-
ble to make an approximate analysis of the solution. Such processes
consider only monoquantum transitions; therefore, it is possible to
write a master equation like Eq. (2), where the gain and loss are
given by

gain = kvT m
v − 1,v N2 N2(v − 1), loss = kvT m

v,v + 1 N2 N2(v) (7)

The analytical solution of this equation is more complicated be-
cause it depends on the entire distribution. Under the approximation
that the population N0 of the ground state is constant and considering
the collision frequency

ϕv = kvT m
v,v + 1 N2 (8)

the time evolution of the population Nv of each vibrational level can
be calculated by a recursion method obtaining

Nv(t) = c0

ϕ0

ϕv

+
v − 1∑
n = 1

cne−ϕn t
v − 1∏
i = n

ϕi

ϕi + 1 − ϕn
+ cve−ϕv t (9)

where the constants c are calculated from the initial conditions. The
limit to infinity of Eq. (9) gives the value of the quasi-stationary
distribution

N qs
v = c0

ϕ0

ϕv

= N0

kvT m
0,1

kvT m
v,v + 1

(10)

where for the last level, the rate to the denominator is the dissociation
one.

The quasi-stationary distribution depends only on the population
of the ground state, and it does not depend on the pressure. This result
has been verified also numerically, comparing the time evolution of
the fraction of the last vibrational level for different pressures (see
Fig. 17). The quasi-stationary values have been evidenced with a
horizontal line.

Fig. 17 Evolution of the population of the last vibrational level (v = 47)
for three different pressures in recombination regime. Np is the popu-
lation of the last level in the quasi-stationary phase.

This solution is valid until the atom concentration is negligible.
In fact in Fig. 16 a variation of the slope of the atomic molar frac-
tion with the growing of the population of the last vibrational level
can be observed. This is a consequence of other processes, such as
N2 + N collisions. We have also neglected the reverse processes that
in quasi-stationary state can give a contribution, but in our opinion
their contribution is small until the atom production is appreciable.
The dissociation regime is more complex than the recombination
one, involving many processes and parameters; therefore, further
investigation is needed to try to build a macroscopic model based
on the state-to-state behaviors of the distributions.

IV. Modeling Global Rates
As observed in the preceding section, the rate coefficients used

in the multitemperature approach are not in agreement with the
results obtained by the homogeneous chemical kinetics in the state-
to-state approach. This result was also obtained in one dimensional
models,1−4 where endothermic rate coefficients show, for low tem-
perature, large departures from the Arrhenius shape.

In this section we want to verify if the homogeneous approach
can be used to determine global rates to be used in fluid dynamic
system and if it is possible, from these data, to find a mathemati-
cal expression that can reproduce the global rates obtained in one-
dimensional codes. In this case we focus our attention in the re-
combination regime. In the preceding section we have found the
quantities that affect the last level of the vibrational ladder. The
global rate coefficients are calculated summing the state-to-state
rates over the vibrational distribution

Rp(T, . . .) =
∑

v

k p
v (T )

N2(v, T, . . .)

N2

(11)

where the dots stand for all of the unknown parameters. In the case of
dissociation and in general for all of the endothermic processes the
state selective rates increase with the vibrational quantum number
and in general are effective only from the higher vibrational levels.

For example, in the case of N2 + N2 dissociation the state-to-state
(ladder-climbing) model considers the dissociation effective only
from the last level, whereas the N2 + N dissociation take place from
any level. This last rate is linearly correlated with the last vibrational
level (see Fig. 18) with small deviations at low gas pressure.

This result can be explained by the following considerations. The
rate of N2 + N dissociation is effective mainly from the vibrational
tails that are correlated with the last vibrational level. Therefore,
following the behavior of the last vibrational level could be a good
approach to determine the shape of the vibrational tail and therefore
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Fig. 18 Global rate coefficient of the process N2 + N−−>3N as a function
of the population of the last vibrational level for different gas pressures.

Fig. 19 Time evolution of the global rate coefficient of the process
N2 + N−−>3N divided by the pressure for different gas pressures.

of the rate coefficients. As a consequence, all of the relations between
the last vibrational level, discussed in the preceding section, are valid
for the global rate coefficients.

In Fig. 19 we have reported the time evolution of the global rate
coefficient for different pressures. It is possible to observe the rapid
relaxation of the ratio K/P to a quasi-stationary level, which is inde-
pendent from the gas pressure, and then it shows a slower relaxation
to the equilibrium values. In this last phase, the rate coefficient does
not depend directly on time, but it follows the time changes of the
ambient parameters, and in our case, being constant pressure and the
gas temperature, it is related to the molar fraction of atomic nitro-
gen as can be observed in Fig. 20, where we have reported the rate
coefficient of the process N2 + N = 3N divided by the gas pressure
as a function of the atomic molar fraction. One can observe that the
curve is very regular except for molar fraction values =0.9, where
the rates change while the atomic molar fraction is constant. These
points correspond to the first relaxation phase (see Fig. 12), where
the last level population changes while the molar fraction of atomic
nitrogen is constant.

From these results a consideration can be done about the depen-
dence of the global rates on relevant macroscopic quantities. We
have two different behaviors: for short time, the rate depends di-
rectly on time, and its evolution is given by an equation similar to
Eq. (3) (in differential form) and Eq. (4) (in analytical form) because
of the connection with the last vibrational level, until it reaches the

Fig. 20 Global rate coefficient divided by the pressure of the process
N2 + N−−>3N as a function of the atomic nitrogen molar fraction, for
different gas pressures.

quasi-stationary state; after that it can be expressed as a function of
some macroscopic quantities that in the specific case are P, T, α.

At this stage we want to prove if these results obtained in a time-
dependent homogeneous system can be exported to fluid-dynamic
systems. We have considered two fluid-dynamic systems that are
in recombination regimes. The first example considered is the gas
cooling in the boundary layer of hypersonic reentry blunt body.
At the external edge of the boundary layer (the shock layer), we
have an high temperature (Te = 7000 K), and the gas is in equilib-
rium at such temperature (partially dissociated), while the wall is
cooled (Tw = 1000 K). The pressure in the boundary layer is constant
(P = 1 bar), and in this case we have neglected catalytic processes
on the surface. The second example is the expansion into vacuum of
an heated gas (T0 = 7000 K) at high pressure (P0 = 1 bar) through
a converging-diverging nozzle. At the nozzle exit the gas temper-
ature is below 300 K, and the pressure is a few tens of Pascal. In
both systems, recombination is an important process, and strong
nonequilibrium distributions have been observed.1−4 As a conse-
quence, the global dissociation rates show large departures from the
Arrhenius trend.

To compare the homogeneous results with the fluid-dynamic
ones, we have fitted the homogeneous rates calculated for differ-
ent conditions with a multivariate function:

log(Kd) = f [log(α), T, P] = log(P) +
∑4

i = 0
poli [6, log(α)]T i

log(α)2q

poli [n, x] =
n − 1∑
j = 0

ai j x
j (12)

We must point out that this is a very simple function that can be
improved. But the purpose of this comparison is to understand if, at
least qualitatively, it is possible to reproduce the data calculated in
flow conditions with the homogeneous results.

In Figs. 21 and 22 we have reported the function in Eq. (12) us-
ing the parameter calculated by the least-square method applied
to the homogeneous results and compared with the rate coeffi-
cients calculated in the boundary layer (Fig. 21) and in nozzle
flow (Fig. 22).

The agreement is qualitatively good, reproducing the trend in both
conditions. The discrepancies can be caused by two factors. The
first one is that the polynomial fitting function in not very suitable
because can produce spurious oscillations. The second reason can
be that in some regions the quasi-stationary approximation is not
verified, and therefore a time-dependent approach is necessary.
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Fig. 21 Logarithm of the global dissociation rates, calculated in the
boundary layer of a reentry body as a function of the Lees–Dorodtsin1

coordinate from the surface, compared with the function obtained by
fitting homogeneous results.

Fig. 22 Logarithm of the dissociation rate coefficients, calculated in
a nozzle expansion as a function of the axial distance from the throat,
compared with the function obtained by fitting homogeneous results.

These results shows that it is possible to find analytical models
different from the traditional multitemperature relation6,7 for global
rate coefficients.

A different approach could be achieved making use of the quasi-
stationary state (QSS) collisional radiative model of Bates et al.18 for
atomic plasmas. According to this model, one writes a linear system
of master equations for the electronically excited states of an atomic
species solving it by the QSS approach, which consists in putting
the temporal derivative of the population density equal to zero for all
internal levels but the ground state. The resulting deviations from the
Boltzmann behavior depend on the electron density and temperature
and on the ground state population density.

Sharma et al.8 were able to develop the QSS model for describ-
ing the dissociation/recombination processes in molecular nitrogen.
His QSS rates, which depend only on the temperature, are usefull
especially when the deviations of the vibrational distributions from
the Boltzmann one are small. This kind of result was obtained by
Sharma et al.8 by numerical experiments miming the dissociation
and recombination processes, starting from and arriving to equilib-
rium conditions.

Fig. 23 Dissociation rates and vibrational temperature of the v = 4
vibrational level as a function of time in dissociative regime. The
initial conditions are Tv = 4000 K; T = 8000 K; [N2] = 1017 cm−3;
[N] = 2.19 ×× 1014 cm−3, reproducing conditions in Ref. 8.

In particular they followed the relaxation of the vibrational dis-
tribution and of the dissociation-recombination constants after an
abrupt increase of the gas temperature from 4000 to 8000 K (disso-
ciative regime) as well as an abrupt decrease of the gas temperature
from 6000 to 4000 K (recombination regime) We have run our zero-
dimensional code for the two case studies considered by Sharma
et al. In general our results differ from those reported by Sharma
et al. because of the different choice of the rates. In particular in
the recombination process with N2 as third body, we populate only
the last vibrational level contrary to the multiquantum transition
considered in Ref. 8.

For the dissociative regime, we report in Fig. 23 the time evolution
of the global dissociation rate coefficients (N2 + N2 → 2N + N2)
and of the vibrational temperature based on v = 4 level.8 A quali-
tative agreement can be noted by comparing these results with the
corresponding one reported by Sharma et al.8 (In particular Tv = 4

of Fig. 2 in Ref. 8 and the “exact” dissociation rates of Fig. 5 in
Ref. 8.) Our dissociation rates are lower than those of Ref. 8 be-
cause of the neglection in our model of the N2 + N2 dissociation
from all vibrational levels. Another difference is that we can define
two dissociation constants, one in the absence of the recombination
process (first plateaux in Fig. 23, marked with “QSS”) correspond-
ing to the quasi-steady-state solution (QSS), and the other one in
the presence of the recombination process (see the second plateaux
marked with “Eq”), corresponding to the equilibrium rate.

For the recombination regime, we report in Fig. 24 the same
quantities as in Fig. 23. These curves can be compared with the
corresponding results reported in Figs. 10 and 11 of Ref. 8. The
differences in this case are much more pronounced. In particular
our Tv = 4 values monotonically decrease from 6000 to 4000 K while
values in Ref. 8 reach a maximum value of 14,000 K in μs timescale.
At the same time our dissociation constants decrease up to a stable
plateaux and start again to decrease following atom concentration.
On the contrary, the exact results in Ref. 8 show a maximum absent
in our calculation. The different behavior can be ascribed once again
to different sets of rates used in the two simulation.

Note also that the strong nonequilibrium vibrational distributions
observed in our one-dimensional calculations (boundary layer and
nozzle flow) are the result not only of the vibrational kinetics but also
on the extreme nonequilibrium flow conditions met in the numerical
experiments. Reduction of the actual rates to the forms suggested
by Park6,7 and Sharma et al.8 also under strong nonequilibrium con-
ditions should facilitate the introduction of this phenomenology in
robust Navier–Stokes code. Study in this direction is in progress in
our laboratory.
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Fig. 24 Dissociation rates and vibrational temperature of the v = 4
vibrational level as a function of time in recombination regime. The
initial conditions are Tv = 6000 K; T = 4000 K; [N2] = 1017 cm−3;
[N] = 2.35 ×× 1016 cm−3, reproducing conditions in Ref. 8.

V. Conclusions
In this paper we have investigated the importance of nonequilib-

rium distributions in high-enthalpy flow conditions. Recombination
produces strong deviations of the vibrational distributions from the
Boltzmann behavior. We have also proved that it is possible to qual-
itatively reproduce the behaviors of the vibrational distributions in
flow conditions (boundary layer, nozzle, and shock wave) using a
zero-dimensional code (time-dependent master equations). Analyt-
ical solutions of the master equations have been obtained under
certain approximations valid in particular conditions (recombina-
tion and dissociation regimes) that can be met in high-enthalpy
flows. We have shown that the relevant parameters that affect the
global rates are pressure, gas temperature, and atomic molar frac-
tion, while the vibrational temperature seems to be practically in-
effective, except for the shock wave. The results obtained by the
zero-dimensional code have been compared with the results ob-
tained by fluid-dynamic codes in recombination regime obtaining
a satisfactory agreement. This shows the possibility of using the
homogeneous state-to-state kinetic model to build a macroscopic
kinetic model for fluid-dynamic codes. We must underline that the
results obtained are strictly connected to the considered model. Dif-
ferent mixtures (air) or different state-to-state rates can give differ-
ent results, even if the general behavior should be very close to that
one presented in this paper. Anyway the method used here to build
macroscopic models can be extended to more complex systems.
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Process,” Beiträge aus der Plasma Physik, Vol. 18, No. 5, 1978,
pp. 279–299.

18Bates, D. R., and Kingston, A. E., “Recombination and Energy Balance
in a Decaying Plasma. 2. He-He+-e Plasma,” Proceedings of the Royal
Society of London A, Vol. 279, No. 1376, 1964, pp. 32–38.


